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Nomenclature

A = finite area, m?

dA, = infinitesimally small element, m?

F = view factor

L = distance between dA; and A,, m

R = radius, m

N = distance between dA; to any point on A;, m

Xx,y,z = Cartesian coordinates, m

2W,2B = dimensions of rectangle, m

0 = angular coordinate measured from x axis in
clockwise direction, rad

£,& = x and y coordinates of center of intervening surface
respectively, m

¢ = angular coordinate measured from x axis in
anticlockwise direction, rad

Subscripts

2,3,S = -corresponding to finite areas A,, A3 and intervening

surface Ag, respectively

Introduction

HE major obstacle in the thermal analysis of an enclosure con-

taining objects is the determination of view factors accounting
for shadowing effects because the integrations have to be carried out
only over visible portions of the surfaces. Analytical expressions
for view factors in the presence of intervening objects are available
only for a few configurations.! There have been applications of the
contour integration method? to account for the shadowing effect
of base surface, while optimizing the space radiators.>* Katte and
Venkateshan’ have provided analytical expressions for view factors
for an axisymmetric enclosure with shadowing bodies inside, by
application of the contour integration method. However, a review
of the literature shows that expressions are not available for view
factors between a coaxial differential element and a finite area, in
the presence of a finite intervening surface. In the present work,
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expressions to this effect are developed using the contour integra-
tion method. The finite area and the intervening surfaces could be a
circular disk or a rectangle, and the intervening surface could be at
an arbitrary position.

Analysis

Consider the radiation between dA; and A,, which is at distance
of L from dA,. The intervening surface Ay is located in between
dA; and A,, at unit distance from dA;. Following Spa.rrow,2 the
coordinate system is chosen such that dA; lies at the origin, and
hence, the view factor can be written as

N f (v2dx2 — 2 dys)
C

S2

where S? =x? + y? + z2. C represents the contour of visible por-
tion of A, as seen from dA;, on which z, remains constant during
integration; the values of x, and y, vary. When the contour is sub-
divided, Cartesian and cylindrical coordinates are used for straight
line and arc segments, respectively.

Four different combinations of geometries are considered, with
several configurations depending on the dimensions and position of
the intervening surface.

1)

Case 1: View Factor Between dA; and Disk with a Disk in Between
Consider F'j;_, for the configuration shown in Figs. 1a and 1b.
The coordinates of the center of the intervening disk Ag can be
identified as (£;, 0, 1). Aj is the projected area of A, on the plane
located at unit height from dA;. When the solid angle is considered,
F1,_, inthe presence of Ag will be same as the view factor between
dA; and nonclipped area of A3 by Ag (slightly shaded areain Fig. 1a,
which is the contour). This contour is subdivided into two arcs: 1-2

y

Fig. 1b Contour for configuration 1a.
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along path A and 2-1 along path B and the direction of integration
is shown in Fig. 1b.

When the arc 1-2 is considered, for any point on
As, then x3=R;cosf, y;=R;3sinf, dx;=—R;sin6df, and
dy; =R3cos6df. The limit of integration 6 varies from
2w —6,) to 6. On arc 2-1, xg = (& — Rscos¢), ys = Rgsin¢,
dxs = Rg sin¢ d¢p, and dys = R cos ¢ d¢p. The limit of integration
¢ varies from ¢, to —¢,. From Fig. 1b, it can be shown that

RZ +L2 sZ _ R2
6, = cos™! M
2R,LE
¢, = cos™! —L2 (57 + RS) — RS )
2T 2R5L2E,
Substituting these, Eq. (1) becomes
% _RZsin?60 — R2cos? 6
2mFig-2 = 2 il 2 o2
2 —g, R3sin” 60 + R3cos?6 + 1
—$2 p2 2 2 2
Rgsin®¢ + Rgcos” ¢ — & Rg cos
+/ sz_f’ 5 (1’5132 ¢d¢ 3
* R§sin” ¢ + (§; — Rscos¢)? + 1
The integration can be carried out to obtain
2(82-R2+1
27TF1(1,2 = (sl 5 ) tanfl
2
\/(512+R§+1) —4€2R2
{ tan(2/2)
X
JI+ @ =R/ [1+ G+ R
:
—6,) — 4
R§+L2(n h) — ¢ €}

If Ay is out side the solid angle subtended by A3z, Rg < (§; — R»/L),
there is no shadowing effect on A,, and Eq. (4) reduces to the form
available in literature (configuration 14 in Ref. 1). If Ag shadows
A, completely, Rg > (£, + R, /L), the view factor becomes zero.

Case 2: View Factors Between dA; and Disk
with a Rectangle in Between

Consider F'j;_, for configuration 2a (Fig. 2a). The contour, the
subdivisions, and the direction of integration are shown in Fig. 2b.
On the arc A, x3=Rj3 cos 6, y3=Rj3 sin 0, dx; =—R; sin 6 db,

Fig. 2a Schematic of configuration 2a.
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Fig. 2b Contour for configuration 2a.
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and dy; = R; cos 6 df. The limit of integration 6 varies from 6, to
6, where

61 = sin”'[L(& + Bs)/Ra], 0, =27 + sin”'[L(& — Bs)/R]

®)

On line B, ys=(& + Bs) remains constant, and dys=0 and
xs varies from /[R3 — (& + Bs)?] to (§ —Ws). On line C,
xs = (& — Ws), dxs =0, and yg varies from (&, + Bg) to (&, — Bg).
Finally, on line D, ys= (& — Bs), dys =0, and xg varies from
(&1 — Ws) to /[R? — (& — Bs)?]. When these are substituted,
Eq. (1) becomes

0 p2
271’F1d,2:/ 2R3
0y R3+1
& —Ws)
+ B
+ S 5L N
JE— s X3+ G2t Bs)? 41
(62— Bs) (& — W)
n / :
Gy E =W +yi+1
N e .
+/ —eB g, ©6)
& —Ws) x3+(§2_ Bg)*+1

Depending on the dimensions and position of Ag, five different
configurations are possible under this case. For these configurations,
expressions can be obtained following a similar procedure, which
could be analytically integrated. For brevity, the closed-form solu-
tions of five configurations are combined and given by

2 C4

C2 1( )
Cl+ tan _
,/c§+1[ VCi+1

)

2 Fg_r=

2
R+ L?

Cs Cs

RN & S PV (_>

()

+ G tan™' <7C2 ) — tan™! <7C5 )
VCi+1 VCi+1 VCi+1
Cs C;

Cy
U N P (7) ~ an <7)
‘/C52+1|: VCi+1 VCi+1
@)
The constants for different configurations are as follows.
For configuration 2a, valid for |§; + R,/L| > Ws > |§; — Ry/L]|,
Bs <& —R»/L|, and Bs <[5 + R» /L],

Cy=2m + sin"'[L(& — Bs)/R,] — sin"'[L(& + Bs)/R.]

Ci=ttBs.  Ci=\R[L (6~ Byy

C4=§1—WS, C5:$2_BS

For configuration 2b, valid for |&; + R,/L| > Wgs>|& — R,/L]|
and & — Ry/LI < Bs <|&+ Ry/L]|,

Cy=2m + sin"'[L(& — Bs)/Ra] — cos™'[L(& — Ws)/R;]
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C= R/ @ -Wer. =R /L2— (6 Bo)

Co=5—Ws, Cs=6—

For configuration 2c, valid for |§, + R,/L| > Ws> | — R, /L],
Bs> |6 — Ry/L|, and Bs > & + Ry /L |,

C =2 — 2'SOSfl[L(vfz — Ws)/Rz1, Cy = —(& — Wy)

Cy; = —(& — Wy), Cs=0
For configuration 2d, valid for |£; + R, /L| > Ws>|& — R,/L|,
Bs <|& —Ry/L|, and Bs <[5 + R»/L]|,

Cy =27 + cos '[L(& + Ws)/Rol—sin"'[L(& + Bs)/R:]
Cy =& + By, Cy=§& +Ws
C4=$|_WS7 Cs=§z—

For configuration 2e, valid for W;>|& + R,/L|, Ws=>
|1 — Ra/L|, Bs < |6 — R2/L|, and Bs < |5+ Ra»/L|,

Ci=2m +2sin"'[L(& —Bs)/R,] — 2sin™'[L(& + Bs)/R.]
Cr=—(&+ By), C3;=—(& + Bys)
C4 = 0, C5 =0

For configuration 2a, if there is no intervening rectangle, by the
substitution of 2Wg = 2By =0, Eq. (7) reduces to the form available
in literature (configuration 14 in Ref. 1). If Ay is shadowing exactly
half of A,, that is, & =Ws, & =0, and Bs =R, /L, then Eq. (7)
reduces to the form Fi,_, = R?/[2(R3 + L?)], which is the view
factor from dA; to a semicircular disk.

Case 3: View Factors Between dA; and Rectangle
with a Rectangle in Between

Consider F'; _, for configuration 3a (Fig. 3a). The contour, the
subdivisions, and the direction of integration are shown in Fig. 3b.
On line A, x3 = W3, dx; =0, and y; varies from (&, — Bs) to —Bs.
On line B, y; = —Bj3, dy; =0, and x3 varies from W3 to —W3. On
line C, x3 = —Wj3,dx3 =0, and y; varies from — B3 to B;. Online D,
v3=Bj3, dy3=0, and x; varies from —W3; to W;. On line E,
x3=W3,dx; = 0, and y; varies from Bj; to (& + Bs). On line

A;‘T\@
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\
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Fig. 3a Schematic of configuration 3a.
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Fig. 3b Contour for configuration 3a.

F, ys = (& 4+ Bs), dys =0, and xg varies from W3 to (§; — Ws). On
line G, xs = (&, — Wy), dxs =0, and yg varies from (& + Bg) to
(&, — By). Finally, on line H, ys = (&, — Bs), dys =0, and xg varies
from (§; — W) to Ws. When these are substituted, Eq. (1) becomes

—B3 —Ws3
. —W; ) —B3
27TF1;172=/ %dY3+/ - dx;
-y Wi+yi+1 ws X +Bi+1
+/B3 W3 d +/«W3 B3 dx
————dy; 5 dx;
g, Wi+ Ly X3 B+ 1

(&2 + Byg)
—W,
n 4
/B W2tyi41

3

N /(51 Ws) & + Bs N
— _dx

s X3+ (&2 + Bs)? + 1
N /(EzBs) — (& —Ws) ,
3

(& + Bs) (Sl - WS)2 + y32 +1

W3 E
2
+ —_  dx (8)
/@1_%) 2 E-BP+1

Here, four different configurations are possible, and the combined
solution is

2n F W tan™! < B2 )
d-2= =" F— B
VWi+L? VW5 + L2
VB + L2 L2 VB + L2
W2 VWi+L? VWi+L?

— tan~! (—C3L >i|
VW3 +L?

—_

G

+— -ta‘m’1 <7C2 )—tan1 <7W2/L >i|
VCi+1L VCi+1 Ci+1
¢ [ < Wy /L ) -1 ( % >]
+ ——— | tan ———F | —tan &)
Ci+1L VCi+1 C:+1

The constants for different configurations are as follows.
For configuration 3a, valid for |§, + W,/L| > Wg > |& — W, /L],
Bs <15 — By/L|, and Bs < |6+ B>/L|,

+ 7C2 _tan’1 <7C3 ) — tan™! (76‘4 )i|
VCi+1L VCi+1 C3+1
2

[

—

Cr=(1—Wy), C3=(5+ By), Cs=(&— Bs)

For configuration 3b, valid for |, + W, /L| > W > |& — W, /L],
and |& + By/L| > Bs > |&, — By /L,

Cy= (& —Ws), C3=B,/L, Cy= (& — By)

For configuration 3c, valid for |§, + W, /L| > Ws > |&§ — W, /L],
Bs> |8 — By/L|, and Bs > |6, + B> /L,
Cr =1 —Wy), C3=B,/L, Cs=—B,/L

For configuration 3d, valid for Wg>|& +W,/L|, Wsg>
|&1 — W3 /L], Bs <|& — By/L|, and Bg < |, + B,/L]|,

Cy=—-Wy/L, C3= (& + By), Cys= (& — By)
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For configurations 3a, if there is no intervening rectangle,
2Ws=2Bs¢=0, Eq. (9) reduces to the form available in litera-
ture (configuration 4, in Ref. 1). For Wy =&, + W,/L, & =0, and
Bg = B, /L, the intervening rectangle shadows A, completely, and
the view factor becomes zero.

Case 4: View Factors Between dA;
and Rectangle with Disk in Between

Consider Fy,_, for configuration 4a (Fig. 4a). The contour,
the subdivisions and the direction of integration are shown
in Fig. 4b. On line A, x3=Wj3, dx;=0, and y; varies from
(& — IR} — (6 —W3)*]) to —B3.Online B, y; = —B3, dy; =0,
and x3 varies from W3 to —Wj3. On line C, x3 = —Wj3, dx3 =0, and
y3 lies from — B3 to B;. On line D, y; = B3, dy; =0, and x5 varies
from —Wj to W3. On line E, x5 = W3, dx; =0, and y; varies from
B; to (& + «/[R3— (& — W3)?]). Finally on the arc F, xg=§& +
Rg cos 6 and ys =&, + Ry sin € and dxs=—Rg sin 6 df and
dys = Rg cos 6 df. The limit of integration 6 varies from 6; to
6,, where

6, =m — cos”'[(& — W2/L)/Rs]

6, =m + cos![(§ — W,/L)Rs] (10)

When these are substituted, Eq. (1) becomes

—B3
—W;
27TF1¢172=/. ————d»n
[ /R -w2] Wi tys+1

W3
—B3 W3
+ + —————dy:
/Wq g e / Wityi+l

W3
+/ dx;
Wy X +BZ+1
[Sv-h/ GRS W3)2] W,
+ S R
/ Wityi+1 "
N /92 (62+ Ry sin6) (—~Ry sin®) — (& + R cos ) (Rs cos6)
o [1+E]+& + R3+2Rg( cosd +&sin0) |
(1

Shadow

W,

Fig. 4b Contour for configuration 4a.

Here, four different configurations are possible and the combined
solution is

27 F1q-2=

7C1W2 tan~! (732 )
VW3 +L? VWi+L?

CiB, ( Wa )
+ tan
VB +L? VB +L?
C C
G <_4>
VC3+1 Ci+1
C C 0, —06
e t( : >+< )
VCi+1 VCi+1 2
! an-! | 2E 0 = @) tan(62/2)
12— p2—q? 2= p2—q?
- —q) tan(6, /2
— [p+ (r —q) tan(6, /2) 12
2= p2—q?
where t=1—R>+ £+ &2, r =1+ R>+ &>+ &}, p=2Rs&, and
q =2Rs&,, and the constants for different configurations are as
follows.

For configuration 4a, valid for |§; + W,/L| > Rs > |§ — W>/L|,
Rs <&+ By/L|, and Rs <& — By/L]|,

Ci=4, Cy=Wy/L, Cs
Ci=6— — (& —Wy/L)?
=&+ R5— (& — Wa/L)?

6, =m—cos™'[(§& — W2 /L)/Rs]
6= + cos™'[(& — W2/L)/Rs]

—+

=-W,/L

For configuration 4b, valid for |§, +W,/L|> Rg > | — W,/L]|
and [§ + By/L| > Rs > |§, — By /L,

Ci=3, Cy=B,/L,
Ci=&—\/R} — (52— By/L)?
Cs=& — VR = (& —W/L?
0, =m + sin"'[(& — By/L)/Rs)
6 =7 + cos™'[(§ — W2 /L)/Rs]

For configuration 4c, valid for |§; + W,/L|> Rg > |&; — W, /L],
Rs>15 + By/L|, and Rs > |§; — By/L]|,

C;=W,/L

Ci=2, Cy=B)/L, C3=B,/L
=& —R5 — (&~ By/L)?
Cs =&~ VR = (& +BoJL)
0, =7 + sin™'[(& — B,/L)/Rs)
6, =7 + sin"'[(& + B2/L)Rs]

For configuration 4d, valid for Rg>|& +W,/L|, Rs>
|1 — Wa/L|, Rs > |6+ B2/L|, and Rg > &, — By/L|,

Cc =1, C,=B,/L, C;=W,/L
Ci=k —/RE— (& +Wa/L)?
=& — VR — (& +By/L)?
61 =m + cos™'[(&+ W2/L)/Rs]

0, =m + sin"'[(&, + By/L)/Rs]
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For configuration 4a, for Ry < (§; — W, /L), no shadowing effect
will be there, the view factor expression reduces to the form available
in literature (configuration 4 in Ref. 1).

Conclusions

Closed-form solutions are presented for the view factors between
a coaxial differential element and a finite area, when an intervening
finite area at an arbitrary position is present in between. Four totally
different combinations of geometrics are considered and the finite
areas could be either a circular disk or a rectangle. Depending on
the position and dimensions of the intervening surface, analytical
expressions have been presented for a total of 14 configurations.
When the intervening surface is not present and/or when it has par-
ticular dimensions and positions, the expressions presented reduce
to the form available in literature.
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One-Dimensional Analysis
of Hollow Conical Radiating Fin
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Nomenclature
H,R,t = height, radius, and thickness of the fin, m
J = radiosity, W/m?
k = thermal conductivity, W/m K
0 = rate of heat loss, W
T = temperature, K
£ = emissivity
0 = fin angle, rad
o = density, kg/m?
o = Stefan-Boltzman constant
Subscripts
e = corresponds to space
1,0 = correspond to inside and outside fin surfaces
im = improvement per unit mass
UB = corresponds to unfinned isothermal base
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Introduction

ECAUSE the mass is at a premium on spacecraft, several

researchers' ¢ have attempted to optimize the finned space
radiators used for waste heat rejection. Bhise et al.” investigated a
corrugated structure in this regard. Srinivasan and Katte® proposed
a grooved radiator with higher heat loss per unit mass compared to
the flat radiator. A literature review shows that there are only a few
attempts to modify the configuration while optimizing the radiat-
ing fins. Presently, a hollow conical configuration for radiating fin is
proposed to augment the heat loss per unit mass. A one-dimensional
analysis of such a fin is carried out. Effects of various parameters
are studied and correlations are presented for optimum parameters.

Analysis

The hollow conical fin (Fig. 1) radiates heat from inside, outside,
and tip surfaces in addition to the base surface, which is assumed
to be maintained at 7. The assumptions are as follows: the heat
conduction is one dimensional along the axis, all of the surfaces are
diffuse and gray, and the space is a black surface at T,. Radiosity-
irradiation method is used to account for the fin-base interaction
and the interaction among the fin enclosure itself. As a conservative
approach to account for the fin-base interaction, R is taken as twice
Ry for 6 =10 deg.

For the differential element (Fig. 1), the energy balance equation
can be shown to be

d [ dr r ¢
Bl (P I T4 — J;) dx
dx (' dx) Y rsne =2 (o 1)

r

&
+ ktsinf (1 —¢)

(oT*—Jo)dx =0 (1)
with boundary conditions

dTr —oe
wd gl = (=T

(x=H)

T(x=0) =T

The view factors for inside and outside surfaces are calculated
using expressions for parallel coaxial disks of unequal radii (con-
figuration C-41),° annular disk to coaxial truncated cone (config-
uration C-49), and view factor algebra. Because the temperatures
and radiosities are coupled, an iterative method, in general, is used.
Based on the assumed temperatures, the radiosities are calculated
using the Gauss—Seidel technique for each enclosure. Using these
radiosities, the nodal temperatures are calculated by solving Eq. (1)
in the finite difference form using tridiagonal matrix algorithm, af-
ter linearization. The iterations are repeated until the temperatures
are converged. The heat loss Q and improvement in heat loss per
unit mass over the unfinned base surface Q;, = (Q — Qug)/m are
calculated, where m is the mass of fin.

Results and Discussion

For all of the cases, the parameters considered are 7 =313 K,
T,=4K,and k =177 W/m K, and grid sensitivity studies are carried

Fig. 1 Schematic of hollow conical radiating fin.



